Abstract. Let E be a real quadratic field with discriminant d ≡ 0 (mod p) where p is an odd prime. For ρ = ±1 we determine 0<c<d, ( d c )=ρ
Introduction
Let p be an odd prime not dividing a positive integer m. A. Granville [G, (1.15) ] discovered the remarkable congruence where we use ⌊x⌋ to denote the integral part of a real number x. Subsequently the present author [S1] determined further 0<k<m/2 p−1 ⌊pk/m⌋ mod p 2 . In this paper a more sophisticated result connected with real quadratic fields will be established.
For A, B ∈ Z the Lucas sequences u n = u n (A, B) and v n = v n (A, B) (n = 0, 1, 2, . . . ) are given by u 0 = 0, u 1 = 1, and u n+1 = Au n − Bu n−1 for n = 1, 2, 3, . . . , v 0 = 2, v 1 = A, and v n+1 = Av n − Bv n−1 for n = 1, 2, 3, . . . .
It is well known that
(α − β)u n = α n − β n and v n = α n + β n for every n = 0, 1, 2, . . . , where α and β are the two roots of the equation 1 Throughout this paper, for an assertion P we set
Our main result is as follows.
Theorem 1.1. Let E be a quadratic field with discriminant d = 2 α p 1 · · · p r where α ∈ {0, 2, 3} and p 1 , . . . , p r are distinct odd primes. Let ε = (a + b √ d)/2 be the fundamental unit of the field E where a, b ∈ Z, and N (ε) be the norm (a 2 − b 2 d)/4 of ε with respect to the field extension E/Q. Let h be the class number of the field E, and p be an odd prime not dividing d. Then, for ρ = ±1 we have
where ϕ is Euler's totient function and ( 
Example. Each of the quadratic fields Q(
has class number 1, and their fundamental units are
with norms −1, 1, 1, 1 respectively; see, e.g., [C, p. 271] . Let p be an odd prime and ρ ∈ {1, −1}. If p does not divide 13, 21, 6, and 7, respectively, then Theorem 1.1 gives the congruences
modulo p 2 respectively, where ( 6 c ) and ( 7 c ) are Jacobi symbols.
We deduce Theorem 1.1 by combining the following two theorems.
Theorem 1.2. Let m > 2 be an integer with the factorization p
r where p 1 , . . . , p r are distinct primes and α 1 , . . . , α r are positive integers. Let p be an odd prime not dividing m. Then
(1.3)
In the next theorem we use the Bernoulli polynomial B n (x) of degree n and the nth Bernoulli number B n = B n (0). Also, we let P denote the set of all (positive) primes. Theorem 1.3. Let E be a real quadratic field with discriminant d and class number h. Let ε = (a + b √ d)/2 > 1 be the fundamental unit of E where a, b ∈ Z, and N (ε) be the norm (a 2 − b 2 d)/4 of ε. Let p be an odd prime not dividing d, and let u stand for bu p−(
Remark. In the case where d ≡ 1 (mod 4) is a prime, (1.4) was proved in [GS] by means of p-adic logarithms and Dirichlet's class number formula (see, e.g., [W] ).
In the spirit of R. Crandall and C. Pomerance [CP] , Theorems 1.1-1.3 might be of computational interest.
We shall make some preparations in the next section and give proofs of Theorems 1.1-1.3 in Section 3.
On the sum 0<k<p
m|k−r 1 k modulo p Bernoulli polynomials play important roles in many aspects. The reader is referred to [IR, for basic properties, and to [DSS] for a bibliography of related papers.
In this section we prove the following basic result and derive some consequences.
Theorem 2.1. Let m be a positive integer not divisible by an odd prime p. Then for any r ∈ Z we have
1)
where {x} stands for the fractional part of a real number x.
Proof. Applying Lemma 3.1 of [S3] with k = p − 2, we find that
For t = {(r − p)/m}, we have
(Recall that B 1 = −1/2 and B 2n+1 = 0 for n = 1, 2, . . . . Also, p divides no denominators of B 0 , B 2 , . . . , B p−3 by the theorem of Clausen and von Staudt (cf. [IR, ).) Therefore (2.1) follows.
Remark. The author first discovered Theorem 2.1 in Sept. 1991 by using Fourier series, and Lemma 3.1 of [S3] was originally motivated by this result.
Corollary 2.1. Let m and n be positive integers, and let p be an odd prime not dividing m. Then
where
Proof. In view of Theorem 2.1,
On the other hand,
So we have (2.2).
Let p be an odd prime and r be any integer. An explicit congruence for K p (r, 12) mod p appeared in Corollary 3.3 of [S2] . By Theorem 2.1 and [GS, (4)] we can also determine
modulo p in terms of some second-order linear recurrences.
For a prime p and any a ∈ Z not divisible by p, the Fermat quotient q p (a) is defined as the integer (a p−1 − 1)/p. 
where we have applied Raabe's theorem in the last step. It is well known that pB p−1 ≡ −1 (mod p) (cf. [IR, p. 233] ). Also,
So we have (2.4).
Remark. It can be shown that (2.4) is equivalent to a formula of Lerch [L] which was deduced in a different way.
3. Proofs of Theorems 1.1-1.3
Proof of Theorem 1.2. For each positive integer d we set
where ψ(1) and ψ(2) are considered as 1. For any a ∈ Z with p ∤ a, clearly
Thus, Theorem 1.1 of [S1] implies that if
Since 0<k<n/2 p−1 ⌊pk/n⌋ = d|n ψ(d) for n = 1, 2, . . . , applying the Möbius inversion formula we get that
By elementary number theory, d|m µ(
and also
As χ(j) = ( 
(mod p 2 ).
This proves (1.2). We are done.
